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NAEP 2022

36% of 4th graders 
proficient at 

grade-level math.

26% of 8th graders 
proficient at 

grade-level math.



Do these students need intervention?



Questions to ponder…

❏ Was this a good assessment tool?
❏ Was the assessment interpreted 

accurately?
❏ What is our definition of 

proficiency?
❏ Do we know what each student 

needs?



WHAT IS 
FLUENCY?



Notebook or Neighbor

How do you define fluency?



What is the difference?

Find the product.

½ x ⅔  
Student A Thought Process:

“Yuck, I hate fractions.”
Student B Thought Process:
“I wonder if I need a common 

denominator?”



What is the difference?

Find the product.

½ x ⅔  
Student C Thought Process:
“I know I need to multiply the 

numerators together and 
the denominators together. 
So 1x2=2 and 2x3=6 so the 

answer would be 2/6.” 

Student D Thought Process:
“I need to find what half of 

two-thirds is. If I have 2 
“one-thirds” half of that would 

be one third (⅓).”

⅓ 

⅓ 



Fluency in math is…

“Being flexible with 
numbers, understanding 
why things work, and 
being able to think 
through problems to get 
correct answers.”

-Christina Tondevold



What is fluency?

MASTERY 
MUST 

FOCUS ON 
FLUENCY

Fluency is… 
being able to apply procedures 

NCTM 2014; South Dakota State Math Standards

Efficiently

NCTM 2014; South Dakota State Math StandardsNCTM 2001. SD State Standards

Flexibly Accurately



Fluency: skill in carrying out procedures flexibly, accurately, 
efficiently, and appropriately

Know from Memory: quick, effortless, recall of facts

Strategy: Purposeful manipulations that may be chosen for specific problems, may 
not have a fixed order, and may be aimed at converting one problem into another. 

Algorithm: A set of predefined steps applicable to a class of problems that gives the 
correct result in every case when the steps are carried out correctly. 

doe.sd.gov 





Figuring Out Fluency. Williams & SanGiovanni

3 Types of Fluency

When we think of fluency, 
we often just think of 

basic math facts. It is so 
much more than that… 

we all have a role in 
math fluency K-12!



Basic Fact Fluency

Figuring Out Fluency. Williams & SanGiovanni

FLUENCY 
DEVELOPS IN 

THREE 
PHASES!



1. Basic facts should be taught using number relationships and 
reasoning strategies, not memorization.

2. Procedural fluency requires having a repertoire of strategies. 

PROCEDURAL FLUENCY:  
4 DECLARATIONS



Basic Fact Strategies
STRATEGY BASIC FACT

Making 10 7+9=6+10=16

Compensation(Pretend-a-10) 7+9=7+10=17-1=16

Near Doubles 6+5=5+5+1=11

Think Addition 11-7→7+?=11

Doubling 4x7=2x7x2

Add-a-Group 6x7=(5x7)+7

Subtract-a-Group 9x8=10x8-8

Think Multiplication 45÷9→9x?=45

Break Apart 7x6=(2x6)+(5x6)=12+30=42



Basic Fact Fluency

Figuring Out Fluency. Williams & SanGiovanni

7+4=_
Phase 1:
(counting)

❤❤❤❤❤
❤❤       ❤❤❤❤       

7+4=7+3+1=
10+1=11

Phase 2:
(deriving)

Phase 3:
(automaticity)

7+4 is 11



Basic Fact Fluency

Figuring Out Fluency. Williams & SanGiovanni

4 x 7=_

4x7=2x7+2x7= 
14+14=28

Phase 2:
(deriving)

Phase 1:
(counting)

❤❤❤
❤❤❤
❤       

❤❤❤
❤❤❤
❤       

❤❤❤
❤❤❤
❤       

❤❤❤
❤❤❤
❤       

4x7=4x5+4x2= 
20+8=28

Phase 3:
(automaticity)

4x7 is 28



Computational Fluency



Reasoning Strategies
STRATEGY RELEVANT OPERATIONS

1. Count On/Count Back Addition & Subtraction

2. Make Tens Addition

3. Use Partials Addition, Subtraction, Multiplication, & Division

4. Break Apart to Multiply Multiplication

5. Halve & Double Multiplication

6. Compensation Addition, Subtraction & Multiplication

7. Use an Inverse Relationship Subtraction & Division

STRATEGY

1. Count On/Count Back

2. Make Tens

3. Use Partials

4. Break Apart to Multiply

5. Halve & Double

6. Compensation

7. Use an Inverse Relationship



Procedural Fluency

Figuring Out Fluency - Williams & SanGiovanni



How would you solve this?

1,435 ÷ 7
1,400 ÷ 7 = 200

35÷ 7 = 5
205

1,000 ÷ 7 
400÷ 7
30 ÷ 7

5 ÷ 7
….. ??

1435
-700

735
-700

35
-35

0

100

100

5
205



1. Basic facts should be taught using number relationships and 
reasoning strategies, not memorization.

2. Procedural fluency requires having a repertoire of strategies. 
3. Conceptual understanding must precede and coincide with 

instruction on procedures.

PROCEDURAL FLUENCY:  
4 DECLARATIONS



How would you solve these?

Find the quotient

3¼ ÷ ¼
How many ¼ fit into 3¼? 



How would you solve these?

Find the quotient

3¼ ÷ ¼
How many ¼ fit into 3¼? 

¼ ¼ ¼ ¼ 

¼ ¼ ¼ ¼ 

¼ ¼ ¼ ¼ 

¼   



Gersten et al., 2009. Edutopia.

CONCRETE
“Much research suggests 

that the instructional 
sequence of moving from 
physical representations 

through visual representation 
to symbolic representations 
leads to significant gains in 

math learning and 
understanding, particularly 

for students struggling in 
mathematics.” 

Visible Learning for 
Mathematics 

PICTORIAL

12 ÷ 4 = 3ABSTRACT



NCTM - Procedural Fluency

Conceptual foundations and reasoning strategies 
deepen conceptual understanding; memorizing an 

algorithm does not. 

When students use a procedure they do not understand, 
they are more likely to make errors and fail to notice 

when the answer does not make sense.

What happens when we don’t follow this 
order?

https://www.nctm.org/Standards-and-Positions/Position-Statements/Procedural-Fluency-in-Mathematics/


“A rush to the standard 
algorithm and 

memorizing procedures 
undermines students’ 

confidence and may 
cause math anxiety, 

which negatively 
impacts student 

achievement.”

  -Boaler, Jameson, 
Ramirez



Conceptual Understanding

“Procedures grounded 
in understanding are 
better retained and 

applied.” 
(Fuson 2005) Conceptual 

Understanding

Procedural 
FluencyApplication



Do we accidentally create “mimickers” 
instead of mathematicians?

If I can build a bookshelf by 
following explicit steps and 

directions, am I fluent at 
building furniture? 



Notebook or Neighbor

Has your definition of 
fluency changed? 

How so?



WHAT’S NOT  
WORKING?



“My students don’t read the 
directions.”

“They had it last week and 
now they don’t.”

“The algorithm makes the 
most sense to my students.”

“They always need me to get 
them started.”

“They can do it with manupulatives, but 
don’t understand when I take them 

away.”



PURCHASED RESOURCE
ASSESSMENTS

Too Long!
Too guided/scaffolded

Not organized by skill/outcome
Hard to analyze
Multiple Choice



PURCHASED RESOURCE
PACING

Strict/rigid pacing guides promote 
“covering” the curriculum as opposed to 

teaching the curriculum.

FOCUS ON PROFICIENCY IN SKILLS-NOT COVERAGE!

“Constructive pacing guides assume differences in 
teachers, students, and school contexts. They 

adjust expectations through frequent revisions 
based on input from teachers(CFA’s).” 

Jane David (2008)



PURCHASED RESOURCE
PRACTICE

Reveal Math 2022.

-Too much practice on computers!
-Often provides practice with specific strategies & 
focused solely on accuracy
-Practice often stops when the unit ends… Students 
need more than “15 days” to become fluent!
-Practice provided is typically designed to be 
independent and in a workbook… Practice can be fun!

We need to provide practice analyzing problems, 
predicting reasonable answers, and choosing an 

appropriate strategy.



Cross multiply

Butterfly Method

Carry the one

Move the decimal

Flip and multiply
Rainbow Method

Cancel

“More” means addition

Just add a zero



MATH TRICKS
THEY DON’T STICK!

NCTM - Procedural Fluency

“How did my 
teacher do that?”

“Which of my strategies 
are a good fit for this 

problem?”

Conceptual Understanding → Procedural Fluency

https://www.nctm.org/Standards-and-Positions/Position-Statements/Procedural-Fluency-in-Mathematics/


“It is possible that the 
reason many people 
think that fluency is 
the same as mastery 
or automaticity is 
because accuracy is 
the only thing we 
assess.”

-Jennifer M. Bay-Williams 
& John J. SanGiovanni



COMMON MISCONCEPTION
FLUENCY = AUTOMATICITY

TIMED TESTS DO NOT ASSESS FLUENCY!

Timed tests only assess:
-Efficiency(memorization?)
-Accuracy

Automaticity is just one component…true fluency also 
includes decision making(conceptual understanding)!



COMMON MISCONCEPTION
FLUENCY = AUTOMATICITY

“Timed math tests can discourage 
students, leading to a math anxiety and 

a long-term fear of the subject.”
-Jo Boaler, 2014

Could timed tests be doing more 
harm than good?



COMMON MISCONCEPTION
FLUENCY = AUTOMATICITY

How could we use timed tests 
differently? 

-Don’t share time limit with students
-Use it as a diagnostic to further investigate
-Use for student self-assessment
-Two pen test
-Don’t expect completion



COMMON MISCONCEPTION
CORRECT ANSWERS MATTER MOST

Success Criteria:
❏ I can add single digit numbers.
❏ I can decompose numbers into tens and ones.
❏ I can add two numbers within 100.
❏ I can find sums accurately.
❏ I know that more tells me to add.
❏ I can solve story problems.

✔✔✔
✔
Grouping students by accuracy 

alone will prevent us from targeting 
specific skills that are missing!



How would you solve this?

535+398 



COMMON STRUGGLE
“NEW MATH” IS CONFUSING

The standard algorithm is only one 
strategy.

There are many instances where the 
standard algorithm is not the most 

efficient.

This might be teacher’s comfort zone!



COMMON STRUGGLE
“NEW MATH” IS CONFUSING

Many elementary teachers enter the 
profession with limited preparation in math 

(NCTQ, 2022), and gaps in content 
knowledge often lead to instructional 

uncertainty and anxiety.



COMMON STRUGGLE
TOO MANY STRATEGIES!

Figuring Out Fluency. Williams & SanGiovanni

4 x 7=_
Visual representations are 

not strategies! They are 
meant to deepen 

conceptual understanding.

Doubles
4x7=2x7+2x7= 

14+14=28

Break Apart
4x7=4x5+4x2= 

20+8=28
Add/Subtract a Group

4x7=4x6+4= 24+4=28

Part of being fluent is 
having flexibility within 

strategies. 



Figuring Out Fluency - Williams & SanGiovanni



COMMON STRUGGLE
MANIPULATIVES AREN’T WORKING

Manipulatives are meant to deepen conceptual 
understanding. They are not meant to simply solve 

problems.

“They can do it with the manipulatives, but then 
can’t when I take them away.”



COMMON STRUGGLE
CENTERS(SMALL GROUP) ARE TOO MUCH WORK!

Hard to manage students!

Too much to plan!
Too many transitions!

Too many materials to prepare!



COMMON STRUGGLE
CENTERS(SMALL GROUP) ARE TOO MUCH WORK!

● Centers can span the course of many days
○ Centers should be repeated

● Avoid physical movement until you’re ready
● Teacher does not have to be a center

○ Work up to this!
● Resources should be shared across multiple grade levels.
● Centers can be designed so the materials stay the same 

and the task changes
● Utilize some “low maintenance” centers.



Notebook or Neighbor
Which of these common 

struggles do you 
experience in your 

school?



WHAT 
ACTUALLY 

BUILDS FLUENCY



“My students don’t 
know…”

…basic addition
…fractions
…their multiplication facts
…the standard algorithm

What DO they know? 
SHOULD they know it?



STUDENT A
Struggling with their 
multiplication facts, 
including their 2’s.

Do these students need the same 
intervention?

STUDENT C
Unable to finish the 
assessment in time, 

but all correct.

STUDENT B
Successful with most 

multiplication facts, but 
struggling on 7’s.



Addition Learning Progression

Jennifer Bay Williams

https://kcm.nku.edu/mathfactfluency/docs/Tools/en/MathFactFluency-Tool%2025-Progress%20Monitoring%20Tool%20for%20Addition%20Facts.pdf




Multiplication Learning Progression

Jennifer Bay Williams

https://kcm.nku.edu/mathfactfluency/docs/Tools/en/MathFactFluency-Tool%2026-Progress%20Monitoring%20Tool%20for%20Multiplication%20Facts.pdf


What facts DO they know? 
Intervene differently depending on the facts they don’t!





1. Basic facts should be taught using number relationships and 
reasoning strategies, not memorization.

2. Procedural fluency requires having a repertoire of strategies. 
3. Conceptual understanding must precede and coincide with 

instruction on procedures.
4. Assessing must attend to fluency components and the 

learner. Assessments often assess accuracy, neglecting 
efficiency and flexibility. 

PROCEDURAL FLUENCY:  
4 DECLARATIONS



How can we assess fluency?

PAPER 
ASSESSMENT OBSERVATIONINTERVIEW

-Keep questions open 
ended.
-Describe if a worked 
example is efficient or 
not.
-Ask students to use 
learned strategies at 
least once.

-Ask students to solve 
and then share with you 
how.
-Smile & Encourage, but 
to not teach, correct, or 
confirm.
-For some, ask how they 
know their answer is 
reasonable

-Observe during small 
group tasks, games, or 
centers.
-Use an observation 
checklist
-All students don’t have 
to be observed in one 
day!

Figuring Out Fluency. Williams & SanGiovanni



What does proficiency in fluency look 
like?

Jennifer Bay WilliamsFiguring Out Fluency. Williams & SanGiovanni

https://kcm.nku.edu/mathfactfluency/docs/Tools/en/MathFactFluency-Tool%2025-Progress%20Monitoring%20Tool%20for%20Addition%20Facts.pdf


Jennifer Bay Williams

Interview Assessment

https://kcm.nku.edu/mathfactfluency/docs/Tools/en/MathFactFluency-Tool%2025-Progress%20Monitoring%20Tool%20for%20Addition%20Facts.pdf


Conceptual 
Understanding



When teaching and assessing 
fluency, we must…

-Explicitly teach vocabulary
-Prioritize student discourse
-Model & practice reasoning strategies
-Provide low and high level tasks
-Demonstrate & practice strategy choice
-Assess true fluency



Math 
language is 
not its own 
lesson. It is in 
every lesson!



Vocabulary
Identify word parts



Vocabulary
Identify word parts decompose

partition

decompose

partition

“undo”

“part”



“The person 
doing the 

talking is the 
person doing 

the 
learning.”



Cognitive Task Analysis

Following an algorithm. Knowing when certain 
strategies are efficient. 

What it is not: What it is:

COGNITIVE 
TASK ANALYSIS

1.09

Mimicking steps from a 
teacher or example.

Asking for immediate help 
when I get a wrong answer.

Being able to identify and 
explain each step.

Using success criteria to 
identify exactly which steps 

are confusing.

Visible Learning Metax



How would you solve this?

Find the product.

5.5 x 12 
5.5 x 12

=5.5 x (2 x 6)
=11 x 6

=66 

Can I do this in my 
head?



Figuring Out Fluency

Focused

“Mixed practice 
happens after 

focused practice 
has taken place.”

Make Tens(Hundreds)



Practice We need students to practice…

NCTM 2014; South Dakota State Math Standards

Efficiently

NCTM 2014; South Dakota State Math Standards

Flexibly Accurately

John SanGiovanniJohn SanGiovanni



Reasoning Routines

You can do this every day! With little to 
no prep!

1. Estimate every problem!
2. Check reasonableness of answers.
3. Argumentation

Susan read ⅘ of an hour and then ⅞ of an hour later 
that day. She claims that she read 2 hours. Do you 
agree or disagree?



It’s no secret that society doesn’t like math… 

WE HAVE THE POWER TO 
CHANGE THAT.



RESOURCES


